The paper presents a comparison of two different approaches towards geometrically non-linear isotropic gradient damage.
INTRODUCTION
Standard continuum damage formulations model material deterioration processes classically within a local framework. As a simple measure of elastic degradation, accepting the physical interpretation as stress- Vol. 13, Nos. 3-4, 2002 Isotropic Gradient Damage bearing area reduction, it is sufficient to consider isotropic damage, see Simo and Ju (1987) . It dates back to the early concept of Kachanov (1958) characterized by a scalar damage variable.
When applying local continuum formulations, the microstructural interactions are neglected, which computationally results in pathological mesh dependent numerical solutions upon mesh refinement. This renders physically meaningless results which are displayed in a vanishing localized zone. Localization represents the accumulation of damage within narrow bands due to discontinuous failure, see Rice (1976) and Rizzi et al. (1994) . In fact, at the continuum level localization denotes a transition from a homogeneous strain field to a non-homogeneous strain field in terms of Hadamards instability classification. The localization mechanism is favored by strain softening, see Delaplace et al. (1996) , which is a result of inhomogeneities on the micro scale. Experimental investigations of a strain softening approach were carried out by Kongshavn and Poursartip (1999) . Thereby localized zones, which often form a precursor to the final rupture of the material, display a finite width. Thus, in summary, standard continuum descriptions and in particular the corresponding numerical solution schemes fail to obtain such a finite width, whereas it is observed in experiments.
Therefore, a recent development in continuum damage mechanics is the introduction of a characteristic internal length scale. Within this scale the material still acts homogeneously and accounts for microstructural interactions resulting in a non-standard (nonlocal) continuum theory. The incorporation of higher gradients of those quantities which are responsible for softening thereby offers a very effective strategy. For more trends, needs and accomplishments in damage mechanics, see Krajcinovic (2000) .
From a physical point of view, the incorporation of higher gradients was first motivated in plasticity by considering dislocations in single crystals by Aifantis (1984; 1992) and recently, from an alternative point of view, by Steinmann (1996) and Menzel and Steinmann (2000) . In this context, the consideration of gradients of higher order in the yield condition has been proposed by Zbib and Aifantis (1992) .
One dimensional investigations on a higher gradient continuum were performed, e.g. by Schreyer and Chen (1986) . Nonlocal integral formulations of continuum damage were proposed by Pijaudier-Cabot and Baiant (1987) and Baiant and Pijaudier-Cabot (1988) . Lasry and Belytschko (1988) coined the notion of localization limiters. A variational framework for gradient plasticity was proposed by Mllhlhaus and Aifantis (1991) ; a corresponding gradient theory of phenomenological plasticity was developed by de Borst and Mühlhaus (1992) . The application of a higher gradient formulation to granular materials was examined by Vardoulakis and Aifantis (1991) . Motivated by experiments performed by Fleck et al. (1994) on thin copper wires, Fleck and Hutchinson (1993) proposed an alternative theory which takes the gradient of the continuum rotation into account. The well-posedness of the initial boundary value was studied by Benallal et al. (1993) .
Gradient dependent damage as well as plasticity models, whereby the gradient dependence is essentially incorporated in the loading surface by the Laplacian of an internal variable, were treated by de Borst et al. (1996) , Benallal and Tvergaard (1995) and, most recently, by Comi (2001) in addition to her earlier papers.
A particular strain gradient plasticity formulation is advocated by Fleck and Hutchinson (1997) . Finally a coupled elastoplastic-damage model including the gradient of damage is proposed by Nedjar (2001) .
Recently, a general theoretical framework in nonlocal mechanics was outlined by Ganghoffer and de Borst (2000) .
A so called gradient enhanced theory has been especially focused on recently for its conceptual beauty and convincing operational performance. In the small strain regime, the proposals of Sluys et al. (1993) (1996a) to enhance an isotropic damage formulation by spatial gradients has gained much attention and has been extended to the geometrically nonlinear case by Steinmann (1999) . Recent contributions to the numerics of gradient continua at small and large strains are treated by Svedberg and Runesson (1997) , Svedberg (1999) , and Mikkelsen (1997) . The extension to anisotropic damage is proposed in Kühl et al. (2000) ; the identification of the additional gradient parameter is considered by Mahnken and Kuhl (1999) .
Our own recent attempts to the numerics of gradient damage at small strains are documented in Liebe and Steinmann (2001) .
The essential ingredient of gradient damage is an additional partial differential equation for the determination of the quasi-nonlocal energy release rate. In this work, we consider two different approaches in order to achieve this.
The Energy Gradient Formulation introduces the nonlocal stored energy (NSE) as an independent variable. Fluxes conjugated to the gradients of the NSE then enter a balance law which corresponds to the averaging equation well-known in the literature in the small strain limit (see above).
Then, the framework of Damage Gradient Formulation is outlined. Here the damage field is introduced as an independent variable. Following the concept of maximum dissipation, the damage condition and evolution of the damage field are derived in terms of the quasi-nonlocal energy release rate which is coupled to the socalled damage flux.
The presented models are thought of as a conceptual study focusing on isotropic damage within the elastic loading range. Nevertheless, the authors are fully aware that real life applications demand the consideration of anisotropic effects or the coupling to plasticity. As a first step in this direction, we aim at a conceptual understanding of a simple model to study the feasibility of a gradient formulation in large strains.
THERMODYNAMICALLY CONSISTENT LOCAL DAMAGE
To set the stage, we review the basic underlying geometrical non-linear kinematics in a condensed manner before starting with a brief reiteration of a thermodynamically consistent local damage formulation.
Let B 0 and Β denote the reference and the current configuration occupied by the body of interest at time i 0 and / respectively. Then φ(Λ) denotes the non-linear deformation map assigning the reference placements X e B 0 to the current placements χ = φ (Λ) e Β. Next, the tangential deformation map is given by the deformation gradient F = V x φ together with the Jacobian J = detF. In classical local damage, the free energy ψ depends on the deformation gradient F and a damage variable 0 < d < 1 and may be expressed as a product Vol. 13, Νos. 3-4, 2002 Isotropic Gradient Damage of a reduction factor [ 1 -d] and the local strain energy of the virgin material W, which is supposed to be an objective and isotropic function in F
Note that the maximum limit of complete damage is stated for mathematical convenience to the more theoretical value d= 1 whereas experiments, e.g. with metals, indicate a critical damage value (0.2 < d c < 0.8) (Chaboche, 1988) .
Furthermore, we introduce the local energy release rate conjugated to the damage variable d as the driving force for damage evolution
whereby the strain energy of the virgin material is identified as fV(F) = Y(F). Then, exploiting the Clausius-
, the spatial velocity gradient renders constitutive relations for the 1. Piola-Kirchhoff (Σ * Σ') and Kirchoff (τ = τ') stresses whereby W serves as a potential
together with the remaining local dissipation inequality
A damage condition together with the set of Kuhn-Tucker conditions are then motivated in the following manner Φ(]Κ;</) = φ(ίΟ -0 and k> 0 and = (5) completed by the associated damage evolution law
Adopting the concept proposed in the small strain case by Simo and Ju (1987) to geometrically non-linear damage, the damage consistency condition in the case of loading characterized by Φ = 0 and k > 0 allows the closed form update for the damage parameter
whereby the history variable κ is computed from Eq. 8 with κ 0 the initial threshold from κ= max (ϊΧΟ,Κο).
Finally, based on Eq. 7, the damage condition together with the set of Kuhn-Tucker conditions can be alternatively formulated as
Within a numerical step by step solution strategy, the corresponding update algorithm for isotropic local damage is summarized in Table 1 .
Table 1
Update algorithm for isotropic local damage Given:
Fn+1
Compute:
•JV, = n/v.)
• Kn+i = max(y" +1 κ", Ko)
• dn+l = Φ(κ".;)
APPROACHES TOWARDS GRADIENT DAMAGE
The inclusion of nonlocal effects, e.g. by incorporating higher gradients, is motivated by micro defect interaction, see e.g. BaZant (1991) . Therefore the driving force from Eq. 2 is conceptually modified towards a quasi-nonlocal quantity r = r-Divy,
where we introduced the so called damage flux Y. In the following proposals, the quasi-nonlocal quantity enters the relation for the damage condition as well as for the update of the history variable φ(γ·,κ)<0 and κ= max (Fat0 )
-00 <J</
The central objective of the following sections is now to investigate two different approaches determining the damage flux Y. Here we study two choices which qualify for rendering a gradient damage approach: the damage field d as the primal variable of our driving force (Eq. 2) and, essentially as its conjugated quantity, the nonlocal energy release rate Υ , respectively.
Firstly, the so called energy gradient formulation will be investigated. Here the modified driving force is identified as the nonlocal stored energy (NSE) which is treated as an independent variable. Fluxes conjugated to the gradients of the NSE are then computed from an averaging equation well-known in the literature (see above). Different options to establish constitutive laws for these newly introduced NSE-fluxes are possible, whereby we exemplarily investigate an option based on a Lagrange averaging procedure. This renders a global averaging equation which will be outlined in the following section.
The other approach adopts a thermodynamically motivated strategy, whereby the damage field serves directly as an independent variable. It is thus called the damage gradient formulation. The damage flux conjugated to the gradient of the damage field is introduced and the evolution of the damage field is derived, whereby the quasi-nonlocal energy release rate is coupled to the damage flux. Here we end up with global
Kuhn-Tucker conditions as will be shown later.
Geometrically linear formulation
The energy gradient formulation is motivated following the arguments in the proposal of Peerlings et al. (1996b; 1996a) for the small strain case. Starting from a truly nonlocal integral definition in the spirit of Pijaudier-Cabot and Ba2ant (1987) and Baiant and Pijaudier-Cabot (1988) , a weight function g{£) with ζ denoting the distance from point χ to its neighborhood is given by 
γ = r+div(cV ;t y)+ ...
180 Τ. Liebe and P. Steinmann Journal of the Mechanical Behavior of Materials Peerlings et al. (1996b) and Peerlings et al. (1996a) introduced Y as an independent variable and proposed an alternative approximation of the same order by writing
Thus higher continuity requirements within a finite element setting are circumvented.
Geometrically non-linear formulation
Since this approach is well documented in Steinmann (Steinmann, 1999) , we merely summarize the pertinent equations. Adopting the above outlined scheme, we recall that the NSE is considered as a primary unknown. We then define the material gradient Η in B 0 as
Next we may introduce the material damage flux Y in B 0 in order to set up an averaging equation. In accordance with the above concept, we may propose the following material averaging equation for the nonlocal stored energy
which is complemented by homogeneous Neumann boundary conditions for the damage flux
where Ν denotes the outward normal to the material configuration. The nonlocal stored energy therefore equals the local stored energy for homogeneous deformations. It remains to determine the material damage flux Y. To this end, a short review of the proposal by Steinmann (1999) relating the material damage flux to the material NSE gradient is outlined. Only the main option based on a Lagrangian point of view is summarized here. For detailed elaborations of the following equations see Steinmann (1999) .
The Lagrange averaging method is based on an integral nonlocal model for Y approximated by a Taylor series whereby the integral is evaluated entirely in the reference configuration
Isotropic Gradient Damage
Hence the domain of influence is convected with the deformation. Thus, for the simplest model, it is proposed that the damage flux Fbe directly related to the material gradient Η of the NSE Y Y=-cH.
The choice of an isotropic relation in terms of a scalar so-called gradient parameter c appeals for its simplicity but may be generalized if necessary. This renders the Lagrange averaging equation, compare with Eq. 15
Here Vy and Div(·) denote the gradient and the divergence with respect to the undeformed configuration B 0 .
Strong, weak and discretized form
In order to implement the energy gradient formulation into a finite element setting, the corresponding boundary value problem (BVP) has to be formulated in a weak sense and has to be spatially discretized. The determining equations of the strong form of the coupled BVP are displayed in Table 2 .
Neglecting inertia, the equilibrium subproblem is given by the balance of linear momentum, whereby Neumann boundary conditions are tested by appropriate virtual quantities, see Table 3 . The interested reader is referred to Steinmann (1999) for more details. Table 2 Strong form of the coupled BVP: linear momentum equation, averaging equation, boundary conditions Table 3 Weak form of the coupled BVP 
DAMAGE GRADIENT FORMULATION Geometrically non-linear formulation
Instead of starting with a so-to-speak ad-hoc formulation as in the averaging model, we are rather pursuing a thermodynamically motivated strategy here. As outlined before, the driving force has to be modified to a quasi-nonlocal quantity whereby, in this case, the damage field itself serves as an independent 
Then the remaining local dissipation inequality reads
D= Yd + Y D + P^Q infio· (28)
Please note that the present format of the dissipation inequality suggests independent evolution equations for dand D in B 0 . Thus, due to the compatibility between d and D = V x d, these evolution equations would have to be designed such that compatibility is satisfied. To overcome this non-trivial task we follow the proposal of Polizzotto and Borino (1998) by postulating a bilinear form of the dissipation power as follows
Then, applying the insulation condition (25), integrating by parts and invoking Gauss' theorem yields 
Sd
For an account on higher gradient continua based on the notion of functional derivatives, refer e.g. to Maugin (1993) , Chapter 5.
Strong, weak and discretized form
The set of equations given below defines a coupled problem for the two primary unknown fields χ and d which must simultaneously satisfy a partial differential equation and an inequality constraint. The determining equations of the strong form of the coupled BVP are displayed in Table 4 .
Table 4
Strong form of the coupled BVP: linear momentum equation, Kuhn-Tucker complementary conditions, boundary conditions 
As a prerequisite for a finite element discretization, the coupled non-linear boundary value problem has to be reformulated in weak form, see Table 5 .
Table 5
Weak form of the coupled BVP Linear momentum:
Loading inequality:
For the spatial discretization, we resort to the Bubnov-Galerkin finite element method with typical polynomial expansions bx', x h , X" e P m and bd", d", όφ" e P". In addition to that, the decomposition of the The initially unknown decomposition of the discretization node point set into active and inactive subsets Β = u B* +1 at time step t n+l is determined iteratively by an active set search. Thereby, the strategy is borrowed from convex non-linear programming as is frequently used, e.g., in multi-surface plasticity.
COMPUTATIONAL EXAMPLES Problem description
As a model problem we examine the ld-bar in Fig. 1 under uniaxial tension. The problem statement, which includes a slight imperfection in the middle of the bar in the form of a reduced value of the elastic modulus, is chosen similar to Peerlings et al. (1996b) Vol. 13, Nos. 3-4, 2002 Isotropic Gradient Damage
For the damage evolution law, we specify the function φ{κ) with KQ the initial damage threshold and h a material parameter as
The corresponding damage evolution with an increasing internal variable κ> KQ is depicted in Fig. 2 
Energy gradient formulation
In the following, the Lagrange averaging method is examined taking the discretization density and variation of the gradient parameter c into consideration. First the load versus displacement results are displayed in Fig. 3 for computations with discretization of the total bar into 10, 20, 40, 80, 160 and 320 elements with quadratic P 2 expansions for the displacement and linear expansions />' for the NSE whereby the load is applied with arclength control. The load versus displacement curves in Fig. 3 show meshconvergence. Clearly, also for different gradient parameters the solution converges upon mesh densification, see Fig. 3 . Moreover, higher values of the gradient parameter render a somewhat more ductile post-peak behavior after the onset of damage. Thereby, the distribution of the Nonlocal Stored Energy is smooth and convergent, see Fig. 3 .
For the corresponding results in the case of energy gradient damage based on alternative averaging, the interested reader is referred to the work of Steinmann (1999) . 
Damage gradient formulation
Again, we examine the ld-bar in Fig. 1 under uniaxial tension. The geometry as well as the material parameters are chosen in the same way as in the previous example. Here the free energy is chosen with the local strain energy IV of Neo-Hooke type as in Eq. 42 combined with the reduction factor [1 -d\. The gradient part yt rd is chosen as an isotropic quadratic damage gradient energy in D.
Accordingly, the damage flux D and the quasi-nonlocal energy release rate are given by
It is enlightening to consider the term Div(Vv</) as related to the curvature of the damage profile. Thus, damage evolution is clearly increased/decreased compared with the case of local damage in regions with positive/negative curvature of the current damage profile, see Fig. 4 .
We once again examine the discretization density and variation of the gradient parameter c in the following. First, the load versus displacement results are displayed in Fig. 5 for computations with discretization of the total bar into 10, 20, 40, 80, 160 and 320 elements, whereby the load is applied with arclength control. The element type for the damage gradient formulation consists of continuous expansions for the displacement as well as for the damage variable field. Hereby, it appeared that the choice of linear expansions in both discretized fields provides the most effective and efficient results. This can be explained by considering the discretized Kuhn-Tucker conditions, which seem to be mainly affected by the choice of discretization order. Using quadratic expansions for the displacements renders piecewise linear strains and would result in a quadratic expansion of the elastically stored energy Y. This quantity would then be coupled with a highly non-linear history variable expression κ and a piecewise constant damage gradient, which causes oscillations in both the damage variable distribution and in the load-deflection curves. Therefore, we use linear-linear approximations (Pl/Ί) for the following examples in geometrically non-linear gradient isotropic damage, which give stable results in our experience. The load versus displacement curves in Fig. 5 show mesh-convergence. Clearly, also for different gradient parameters, the solution converges upon mesh densification. Please note that modifying the gradient parameter again results in the variation of the ductility in the post-peak behavior after the onset of damage, see the load-deflection curves in Fig. 5 . Thereby the distribution of the damage variable is smooth and convergent. Remarkably, in contrast to the energy gradient damage formulation, the overall solution here shows a shrinkage of the localized band width upon further loading into a crack line mode, i.e., a gradual transition from a damaged zone into a line crack, which corresponds to experimental observations. In addition, the algorithmic solution turns out to be stable and the regularizing effects due to the implementation of higher gradients are very clearly shown. The Energy Gradient Formulation based on a nonlocal stored energy renders a nonsymmetric stiffness matrix in general, whereas it is symmetric in the case of the Damage Gradient Model. But, because of the active set search, the computational effort is slightly increased compared to the NSE gradient enhanced damage. It also turns out that the NSE case yields a slightly more robust algorithm. Nonetheless, aside from the specific implementation of the equation solver in the damage gradient formulation, only standard FE-data structures and corresponding FE-modules are involved.
In summary, it is believed that this contribution clarifies two approaches on how to formulate and implement gradient damage at large strains, whereby the motivation was typically given by failure processes of rubber constructions at large strains.
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